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Abstract—In interconnected power systems, operated by several
system operators, the participating areas are strongly dependent
on their neighbors. In order to identify the economically efficient
generation dispatch in each area, a distributed multi-area optimal
power flow (OPF) must be solved. Additionally, installation of an
increasing number of HVDC lines to deal with increased power
flows from renewable generation is expected to change the power
system operation paradigm. The controllability introduced by the
HVDC lines should be considered and incorporated in the OPF
algorithm. In this paper we introduce a formulation for the dis-
tributed solution of the OPF problem in multi-area systems con-
sisting of both HVAC and HVDC lines. We show the applicability
of this formulation on two different operating schemes for HVDC
grids and we compare their performance with a central solution
for the mixed HVAC/HVDC grid. The proposed formulations are
based on a linearized solution of the OPF problem. The only data
to be exchanged between the areas pertains to the border nodes.
Index Terms—DC power transmission, distributed algorithms,

multi-area power systems, optimal power flow, power systems.

I. INTRODUCTION

T HE developments in the electric power systems in the last
two decades have led to increased demand for long dis-

tance bulk power transmission [1], with an high voltage direct
current (HVDC) super-grid being a possible solution [2]. This
trend is compounded when considering the inclusion of large-
scale renewable generation. HVDC lines are attractive options
as they incur less losses over long distances, while they enhance
the controllability of the power grid. The focus in this paper
is on HVDC lines based on voltage source converter (VSC)
technology (VSC-HVDC), which allow the formation of HVDC
grids. Depending on the manner in which this grid is built dif-
ferent operating schemes will be required. Some of these oper-
ating schemes would need the coordination of multiple indepen-
dent parties. The coordination has to consider the needs of the
parties, as well as the different technologies used, primarily high
voltage alternating current (HVAC) and HVDC.1 In this paper,
we introduce algorithms to provide this coordination between
the independent parties and consider the integrated operation of
both HVAC and HVDC grids.

A. Contributions of This Paper
The main new contribution of this paper is a multi-area op-

timal power flow (OPF) algorithm which, besides HVAC grids,
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1For the remainder of this paper, by mentioning HVDC lines we will always
refer to VSC-HVDC lines.

incorporates the operation of HVDC grids. While a possible
solution for a solution of HVAC-HVDC grids is presented in
[3] and [4], in this paper a distributed optimization algorithm
based on a linearized OPF formulation is proposed. Further,
this paper describes three possible operating schemes for oper-
ating a multi-area HVDC grid.We present OPF formulations for
all three operating schemes. The first formulation is a central-
ized solution to the case of mixed HVAC-HVDC grids, based
on the work in [5], while the other two are distributed solu-
tions. The linearized formulation that we propose can be used
to account for interconnections independent of the technology
used. An additional contribution of this paper is that compared
to previous multi-area OPF formulations the one presented in
this paper requires less variables to be exchanged, thereby re-
ducing the amount of data which has to be exchanged per it-
eration. Further improvements are the removal of the need for
a single system-wide reference bus, instead replacing it with a
local reference bus in each area.
Besides the introduction of the distributed OPF formulations

and the operating schemes, a case-study showing the properties
of the distributed approach is also presented in this paper.
Although the formulation presented here can also be used

to determine the security constrained optimal power flow
(SCOPF) in a distributed manner, we will not consider the
SCOPF problem in this paper. VSC-HVDC lines can react suf-
ficiently fast and change their power flow after a contingency
in order to maintain steady-state security, as already shown
in [6]. Future work will extend the work presented in this
paper, as well as in [7] and [8], to consider multi-area SCOPF
formulations incorporating HVDC grids and corrective control
capabilities of HVDC lines. The authors argue that the inclu-
sion of security considerations in mixed HVAC-HVDC grids
must take into account the controllable nature of the HVDC
portion. Initial ideas for a possible solution of this problem is
presented in [9] where a remedial action scheme is considered,
as well as in [10], where a droop-controller is employed for
the HVDC terminals. Reference [11] considers the effect of
terminal outages in a pure HVDC grid.

B. Organization of This Paper
The paper is organized as follows: In Section II the proposed

operating schemes are presented. In Section III the employed
systemmodeling is described. In Section IV the approach which
is used to perform the calculations in a distributed manner is ex-
plained. In Section V a case study on the basis of a IEEE RTS96
three-area test system with an additional HVDC grid is shown.
Section VI concludes the paper with a discussion and outlook.
A list of variables is attached in Table VIII in the Appendix.
We denote as distributed a method where there is partial ex-

change of data between participants, who, in turn, solve a local
optimization problem using this information. This is opposed to
the decentral method where there is no exchange of data, and
only the local properties are considered. Therefore, within the
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Fig. 1. Schematic depiction of operating scheme 1—“the Super ISO”.

context of this paper, we will always refer to distributed, and not
decentral, formulations of the OPF algorithm.

II. OPERATING SCHEMES

Under the current operating paradigm each independent
system operator (ISO) is responsible for the operation of the
grid which falls within their area of responsibility. With the
introduction of an overlay HVDC grid this view of operation
may be reconsidered.
The situation underlying this formulation is that there exist

multiple ISOs who are connected to each other. As such the
physical interconnection is modeled on the basis of the physical
lines, and the generation capacity reflects that physically avail-
able. The limitations introduced are those given by the physical
limitations of the lines.
We propose three operating schemes under which mixed

HVAC-HVDC grids could be operated. The three operating
schemes are depicted in Figs. 1–3. The first proposal is the
centralization of all operations, leading to the operation of the
grid by a single entity with complete knowledge and control.
This proposal will be called operating scheme 1. The second
proposal is the creation of a new ISO for the HVDC portion of
the grid. This proposal will be called operating scheme 2. This
new ISO has no knowledge of the HVAC portion of the grid,
but complete knowledge of the HVDC grid. The traditional
split of the HVAC ISOs is maintained along their borders.
The third proposal is an extension of the current operation to
include the HVDC grid portion of each ISO area. This proposal
will be called operating scheme 3. Table I shows an overview
of the differences between these schemes. The creation of a
central ISO may create substantial regulatory and political
issues arising from the fact that the participating ISOs would
have to give up their power, responsibility and control to the
central entity. The creation of an HVDC grid ISO is reasonable
from the perspective that this grid may be built as the result
of the inter-connection of a number of point-to-point HVDC
links. In this situation it is likely that the previous owners and
operators will coordinate their interconnection with the creation

Fig. 2. Schematic depiction of operating scheme 2—“the HVDC ISO”.

Fig. 3. Schematic depiction of operating scheme 3—“the HVDC-HVAC ISO”.

TABLE I
COMPARISON OF OPERATING SCHEMES—OPERATING SCHEME 1
IS THE FULL SYSTEM ISO, OPERATING SCHEME 2 IS SEPARATE
HVAC AND HVDC ISOS WHILE OPERATING SCHEME 3 IS ISOS

WITH BOTH HVAC AND HVDC PORTIONS

of a new operating entity. The third proposal originates from
the geographical splitting of the systems, with extensions into a
second transmission technology being made by the respective
ISO.
The centralized solution has the benefit of having complete

knowledge of the system. The distributed solutions have the
benefit of not changing the operating structure of the system,
however the calculation framework is slightly modified. The
distributed methods proposed in this paper replicate global
observability by using repeated exchange of data and updated
solutions.
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In the following sections the problem formulations for
the three different operating schemes will be presented. The
problem formulation of the central ISO, operating scheme
1, will be used as a basis to present the basics. The problem
formulations of operating schemes 2 and 3 will be used to de-
scribe the particularities introduced by the splitting of the grid
operation into several entities to allow a distributed solution of
the problem.

III. SYSTEM MODELING

A. Linear System Model
For both the HVAC and HVDC systems a linear system

approximation is used. This provides an acceptable trade-off
between accuracy and computational time [12]. Using the
linear formulation of the power flow equations, together
with a quadratic cost function for the amount of power gen-
erated, the general OPF problem can be formulated as a
quadratic-problem [13].
For the HVAC system, the active power flow between

nodes and is given by (1), assuming that the line is mod-
eled as a series reactance , with nodal voltage magnitudes

and nodal voltage angles . When per-unit voltage magni-
tudes, and small angle differences are considered, this can be
approximated by (2) (see [14] for more details):

(1)

(2)

In the case of the HVDC grid, the full formulation for the power
flow between nodes and is given by (3). Here the line is
modeled as a series resistance . With the assumption that
the voltages only vary slightly from their nominal voltage, de-
fined as 1 per unit, the approximation in (5) can be written:

(3)

(4)

(5)

The voltages and in (5) are now defined as the deviation
from a nominal voltage defined at a reference bus.
This formulation is based on the linearized HVDC power

flow developed in [5]. This reference also contains a detailed
comparison between a full OPF and the linearized approxima-
tion for a mixed HVAC-HVDC grid.
Using the linearized power flow equations, the power loss

equations can be approximated as follows. The power losses
of a line are quadratic in the current flowing on the line,

as given by (6). The amount of active power which is trans-
ported over a line is given by (7), where is the nominal
system voltage. Using this relationship, (8) can be formulated.
As such the power losses are approximately quadratic in the ac-
tive power flow across the line, as given by (8). With the use of
flat voltages the relationship is simplified further, as given by
(9). The assumption that the losses can be represented by (9)
can be taken further if it is assumed that all lines have similar
impedance values. For the case of the considered test system,
with a histogram of the line resistances given in Fig. 4, this as-
sumption holds meaning that can be used. However,

Fig. 4. Histogram of the per-unit line resistances for the RTS96 test system.

the formulation is valid for as well. Other for-
mulations in literature do not take losses into account at all, and
while the simplification be a strong one, it ensures the convexity
of the problem:

(6)
(7)

(8)

(9)

In the formulation presented the losses in the terminals are
not considered. While this does introduce some error, the main
source of losses in the terminals are fairly constant, i.e., inde-
pendent of loading, given as between 0.5% and 1.8% of the
terminals nominal power by [15]. Reference [16] argues that
approximately half of the losses in a HVDC terminal are con-
stant losses, while the remaining half depends on the square of
the current flowing through. When the voltage does not change
abruptly, the square of the current and the power are linearly
dependent, and the current-dependent losses could be approxi-
mated by a linear penalization of the power transferred by the
terminal. The addition of such a loss term would be possible in
all the three schemes proposed, and would not greatly influence
the solution method.

B. Single Central Super-ISO
In the case of the single Super-ISO the problem to be solved is

the selection of a cost-optimal generation and terminal exchange
profile under consideration of the flows in the HVAC andHVDC
lines. This can be formulated as an optimization problem.
1) Objective Function: The cost function for the optimiza-

tion problem is given as in (10):

(10)

is the vector of generation, is the quadratic cost diagonal
matrix for generation, and is the linear cost vector for gener-
ation. is the vector of nodal voltage angle differences relative
to the reference angle and the nodal voltage differences in
the HVDC grid relative to the reference bus. The formulation
proposed here includes minimization of the generation costs as
well as accounting for transmission losses. This represents max-
imizing social welfare. While it may not be in the direct interest
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of the system operator to maximize social welfare, the authors
believe that the regulator should give the operator the proper
incentives so that demands of society are included in the objec-
tive of the operator. We assume that all operators have the same
objectives, it would however be possible to use different cost
functions for different operators, but the consideration of this is
outside the scope of the paper.
Using the linear system formulation, the losses can be approx-

imated without explicitly calculating them, as shown in (6)–(9).
The matrices and are used to calculate the flows for
HVAC and HVDC portions respectively, with these flows being
penalized by and . It should be noted that the flows
are not explicitly calculated, rather these terms are proxies for
the physical losses.
2) Equality Constraints: The equality constraints for the op-

timization problem are given by

(11)
(12)

where and describes the incidence of generators
to nodes in HVAC and HVDC grids respectively, while
and describe the incidence of terminals to the HVAC and
HVDC grids. denotes the power flowing through a terminal,

is bus susceptance matrix for the HVAC, while and
is the bus conductance matrix for the HVDC grids. and

are the load to node incidence matrices, and is the vector
of loads. For each node in the system, the amount of power gen-
erated minus the amount of power flowing out of the node, by
terminal transfers, lines or load consumption, must be equal to
zero. For each terminal the power being fed into it must be con-
sumed at the other end. In the system considered here a posi-
tive flows direction for the terminals implies their use as load
units in the HVAC system, but as generation units in the HVDC
system. As the flow can be either negative or positive, the termi-
nals can act as either load or generation units in both the HVAC
and HVDC grids.
3) Inequality Constraints: The inequality constraints are

given by

(13)
(14)
(15)
(16)

The flows are given by and ,
with and denoting minimum and maximum values. The
same notation of minimum and maximum values is used for
the generator and terminal injections. is the line susceptance
network matrix. is of dimension , where is the number
of lines and the number of buses.

IV. DISTRIBUTED CALCULATION

The central solution to the power flow (PF), OPF, and SCOPF
problems for HVAC grids have been considered in great detail
in a large number of publications, with [17] providing a good
overview.
The problem of distributed solution is not as well studied,

but has been considered in a number of publications. Reference

[18] is one of the earliest. A large body of work has been per-
formed by the authors of [19]–[21]. A solid theoretical back-
ground, with the requirements for convergence can be found in
[22] and [23]. Practical implementation of the problem has been
considered by [24] and [25]. The use of decentral calculations
to schedule FACTS devices is considered in [26].
In the following we will introduce the distributed formula-

tion, and then describe its application to the operating schemes.
The solution of the general OPF formulation in a distributed
manner is solved using an iterative approach, as given by (17).
This iterative approach uses both external and internal informa-
tion, and , respectively, to calculate a new update. As
the aim is to reach an agreement between internal and external
areas, the new update is given by minimizing a function de-
scribing a deviation measure:

(17)

The updated value is generally a weighted average of
the calculated update and the previous values, shown in (18).
The damping factor is used to weight the answer from the
previous iteration step in order to avoid oscillations in the re-
sults. Here is the solution to (17), and is the value
accepted as the current iteration step:

(18)

The detailed formulation of is dependent on the problem
to be solved. As in [7] a reduced distributed OPF formulation
is used. In contrast to previous formulations, the border angles
are not exchanged, the only agreement which must be reached
is on the amount of power flowing across the border, and an
explicit penalty is used for the border mismatch. The removal
of border angle adherence allows us to have multiple reference
buses in the interconnected system, one in each area, meaning
that the selection of an area to contain the reference bus is no
longer necessary. This formulation assumes that all operators
have similar targets, the maximization of social welfare. Opera-
tors which have other targets are outside the scope of this paper,
as the primary aim is on the description of the algorithm.
In the particular case of a simplified OPF problem, (17) can

be formulated as in (19):

(19)

Here is the internal generation profile, is the internal es-
timate of power exchanges, while is the external estimate
of power exchanges. describes the cost of internal gen-
eration, given as a quadratic function of the generated amount,

is the cost for power exchanges, and is a
penalty term for the difference between internal and external
estimates. In this formulation and .
As such is the solution to (19). As the absolute term can
not be implemented in a quadratic program, it is emulated by
the square function. Meaning that is replaced by

. As is not an optimization variable, this drives
towards .

The inequality constraints of the optimization problem are
given by the limits on generation, imports and line flows. The
equality constraints are given by the nodal power balance
equations.
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The linear cost term is the cost of importing power from
the neighboring area. It is given by the Lagrangian multiplier
, associated with the power equality constraint on the border

nodes of the neighboring system. Due to the definition of posi-
tive flow direction, a sign-change must be performed, so that

. The Lagrangian is not driven toward zero. The corre-
sponding local Lagrangian is not available until after the opti-
mization problem has been solved. As such the two values may
vary. However, in the experience of the authors they do not di-
verge substantially in the latter steps of the convergence.
In (19) there are several variables which change with each

iteration, for the sake of legibility, the iteration counter has
been omitted from these variables in the remainder of the paper.
The calculations are aimed at being performed by separate

ISOs. In order to replicate this behavior without the need for
a communication network, the solution of the individual opti-
mization problems was performed in parallel as three separate
processes on a single computer, with a data exchange round after
each iteration. The difficulties introduced by network communi-
cations, and their treatment, are outside the scope of this paper.
In the following two sections, the two distributed operating

schemes will be presented in more detail.

A. Single HVDC ISO With Multiple HVAC ISOs
In the case of the HVDC ISO, the system is split both at

the terminals and along the geographical borders in the HVAC
system.
The terminals are modeled as generation units in both the

HVAC and HVDC systems. These generation units can have
positive or negative generation depending on the direction of
power flow. In the case of the HVAC system the cross-border
lines are modeled in the same manner as the terminals, and are
not distinguishable. We do not consider which entity has phys-
ical control of the terminals. However, as the two parties in-
volved are in agreement of which actions should be performed,
the executing party does not have additional influence, and is
thus not important.
1) Objective Function: In this case the objective function for

the HVAC grids becomes

(20)

The HVDC grid cost function becomes

(21)

2) Equality Constraints: The equality constraint in the
HVAC grid becomes

(22)

The terminal transfer is replaced by as it acts as an im-
port/export for all areas. describes the incidence of imports.
The corresponding HVDC equality constraint becomes

(23)

In the case of the HVDC grids the imports are positive through
the terminals. The case of HVDC grids split along geographic
borders is not considered, as such only a single HVDC ISO is
employed.

3) Inequality Constraints: For both the HVAC and HVDC
the inequality constraints remain the same as in (13)–(16). Only
the constraints on terminal flows are replaced with con-
straints on exchanges .

B. Multiple HVAC-HVDC ISOs
In the case of HVDC-HVAC ISOs the splitting is performed

along the geographical borders, but not between technologies.
From this perspective the modeling of terminals as importing
nodes cannot be made. The formulation in this case is more
complicated than in both the single ISO and the HVDC ISO
case.
1) Objective Function: The objective function for each area

can be written in the same manner as for the single ISO, and is
given by

(24)

2) Equality Constraints: In the case of the equality con-
straints the terminal flowsmust be explicitly considered, as must
the exchange flows. Here the exchange flows can be both HVAC
or HVDC flows. The incidence matrices and de-
scribe the connection points of the exchanges into the HVAC
and HVDC grids:

(25)

(26)

3) Inequality Constraints: The form of the inequality con-
straints does not change, and remains as in (13)–(16).

V. CASE STUDIES

A. Description of Test System
The grid used in this case study is based on the publicly avail-

able IEEE Reliability Test System (96) (RTS96) test system
[27]. An illustration of the grid is shown in Fig. 5. It consists of
three similar areas with 24 HVAC buses each. In the basic case,
the load in all areas is equal. Therefore it can not be expected
that there will be substantial power flows across the intercon-
nections. As this paper is primarily considering the case where
there is an influence between the systems, substantial tie-line
flows are desired. In order to achieve this, the loads in Area 2
were increased uniformly by 25%. This load level will be re-
ferred to as nominal load from now on. The HVDC portion of
the test system used is defined as follows. The positions for
the HVDC terminal stations have been selected manually and
shown in Table II. Each area is equipped with two terminal sta-
tions, each at a strongly meshed bus. The capacity of each ter-
minal is 500 MW. Two additional HVDC buses are added to the
HVDC grid as HVDC-only buses between the terminals. The
first of these buses, Bus 7, is in Area 1 and the second, Bus 8, in
Area 2. These 8 terminal stations are connected to a multi-ter-
minal HVDC system with 16 HVDC lines; see Table III. The
capacity of each added HVDC lines is 300 MW. For this partic-
ular case, the HVDC grid does not have any generation or load
connected to it. As such, the HVDC grid is a pure energy-trans-
port grid.
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Fig. 5. Test system layout—3 interconnected 24-bus RTS systems with an
overlay 8-bus HVDC grid.

TABLE II
POSITIONS OF THE HVDC TERMINALS, EACH WITH 500-MW CAPACITY

B. Case Study Without HVDC

In order to show the functionality of the distributed formu-
lation given in (19), the solution of the OPF problem in a pure
HVAC grid is first considered as a base case. The solution ob-
tained from the distributed method is compared to the solution

TABLE III
POSITIONS OF GRID REINFORCEMENTS, EACH WITH 300-MW
CAPACITY. BUS NUMBERS DENOTE BUSES IN THE HVDC GRID

TABLE IV
GENERATION COSTS FOR THE RTS96 TEST SYSTEM WITHOUT

ADDITIONAL HVDC LINES. NOTE: THE ACTUAL RELATIVE DIFFERENCE
IS LOWER THAN THE SOLVER TOLERANCE

Fig. 6. Convergence of distributed approach on RTS96 without additional
HVDC grid.

received when using the software Matpower [28]. This section
serves to verify the correctness of the simplified formulation.
1) Operating Costs: The operating costs for the test system

is shown in Table IV. It can be seen that the formulation for
the distributed solution of the OPF problem formulated in this
paper provides an almost identical solution. The comparison of
the generation amount for the centralized and decentralized
cases is given by the relative difference of the generation pro-
files, and is given as . The maximum
2-norm of occurs in area 1, and is 0.0005, and the maximum
-norm of is 0.0003, and also occurs in area 1. It should

be noted that the difference arises due to the shift of generation
between two generators with equal marginal cost.
2) Convergence: Fig. 6 shows the containing envelopes for

the state-changes between two consecutive iterations, given as
. The envelope consists of the maximum

and minimum values for each iteration step. This envelope re-
flects the convergence of the problem. In this particular case,
the solution used a damping parameter, as shown in (18), of
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TABLE V
COMPARISON OF THE NUMBER OF VARIABLES EXCHANGED FOR THE
DISTRIBUTED SOLUTION WITHOUT HVDC GRID. A VARIABLE PAIR
CONSISTS OF A NODAL PRICE AND A NODAL POWER INJECTION

TABLE VI
OPERATING COSTS UNDER DIFFERENT OPERATING SCHEMES—OPERATING
SCHEME 1 IS THE “SUPER ISO”, OPERATING SCHEME 2 CONTAINS SEPARATE
HVAC AND HVDC ISOS, OPERATING SCHEME 3 HAS HVAC-HVDC ISOS.
NOTE: THE ACTUAL DIFFERENCES FOR THE BASE CASE ( AND

ARE CLOSE TO, OR LOWER THAN, THE SOLVER TOLERANCE

in order to be stable. The convergence of the method pre-
sented in this paper requires more iterations than those reported
by [22], [25], however there are less variables exchanged. It is
believed that the damping factor is responsible for the greater
number of iterations required.
3) Data Exchange: The amount of data which has to be ex-

changed in this case is given by the number of interconnections,
and is shown inTableV.Eachvariablepair consists of the amount
ofexchangedpower and theLagrangianmultiplier .

C. Case Study With HVDC
1) Operating Costs: The initial analysis between the three

operating schemes and their solution is performed on the basis
of system operating costs, in this case the cost of generation. The
solutions are compared both on their absolute values, and on the
relative differences. The relative difference is calculated using
the solution under operating scheme 1 as the base value. The
use of operating scheme 1 as a base case is due to it not being
affected by the system splitting, this means that the problem is
solved centrally. In this case only a single iteration is needed.
Table VI shows this comparison for three different system

loadings: the base case, high load in area 1 with simultaneously
low load in areas 2 and 3, and for low load in area 2 with nominal
load in areas 1 and 3. In each case high load is given by a uni-
form increase of loading to 160% of nominal load, and the low

Fig. 7. Convergence of system state versus iterations. (a) State convergence of
iterations for operating scheme 2. (b) State convergence of iterations for oper-
ating scheme 3.

load situation is characterized by a uniform reduction to 75% of
nominal load.
As expected there is significant difference between the three

load cases. However, there is little difference between the three
operating schemes within a load case. In particular for the nom-
inal load case, there is almost no difference. While a minor dif-
ference does arise, this is so small that is in the order of magni-
tude of the solver tolerance, as such its exactness must be ques-
tioned. In load case 2 the difference is slightly larger, but still
small. In load case 3 there is a 0.5% difference between oper-
ating schemes 2 and 3, and a larger error relative to the nominal
load case. This small difference between the operating schemes
shows that the proposed algorithm is able to find a solution
which has the same costs as the central solution. Here the base
case is extremely close, while load cases 1 and 2 are more typ-
ical results.
As for the case-study without the HVDC system, the error

is calculated as . For the nominal load case, area 1 has a
-norm of 0.007. The error is again in the switching of gener-

ation between generators with equal marginal costs.
2) Convergence: Figs. 7(a) and7(b) show the convergenceof

the states of the participating areas. In all cases the difference be-
tween two iteration steps approaches zero. As in the casewithout
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Fig. 8. Convergence of cost versus iterations. (a) Convergence of cost for op-
erating scheme 2. (b) Convergence of cost for operating scheme 3.

a HVDCgrid, the lines denote the envelope of changes in system
state between two consecutive iterations. All system states, i.e.,

, , and thenodalvoltageangles, areconsidered.
It can be seen that the convergence is faster in operating

scheme 3. In this case sufficient convergence is achieved within
10 to 15 iterations. In operating scheme 2 this convergence re-
quires between 20 and 25 iterations. In all cases the convergence
values here were achieved with a damping factor . This
value was used to maintain comparability with the case study
without the HVDC grid. In the test-system with HVDC grid,
convergence can be achieved using . This gives slightly
less (by approximately 15%) iterations until convergence. The
damping factor is empirically chosen, and is preferably small.
For this particular case larger damping factors

do not greatly influence the number of iterations. The
convergence of the cost, as shown in Fig. 8(a) and (b), shows
similar behavior. For the sake of clarity, the costs are normalized
to their final value. In the case of the operating scheme 3 con-
vergence occurs by iteration 15, while under operating scheme
2 this process takes longer. It can clearly be seen that the HVDC
ISO is the slowest to converge, with the HVAC areas requiring
the same number of iterations before convergence in both cases.
The penalty-term is an empirical term, and the value selected

Fig. 9. Convergence of coupling variables in area 1 for operation scheme 2.

Fig. 10. Convergence of cost when area 3 is a transport grid. Note: the image
has been cropped to show the later convergence.

for it greatly influences the convergence. It should be selected as
large as possible, so that the values are driven towards each other
quickly, but if it is too large convergence takes much longer. In
the test was used. This gives a final value of
for the deviation penalty, which compares to the total cost which
is on the order of . Fig. 9 shows the evolution of the
deviation on the border nodes for area 1 in the base case. The
biggest single deviation is around . The reason for the
greater number of iterations in operating scheme 2 requires fur-
ther examination. A reasonable explanation is that there is no
generation capacity in the HVDC grid, meaning that it is totally
dependent on the other grids. This statement is supported by the
fact that the costs for the HVAC systems have stabilized before
the cost for the HVDC system. This finding is supported by a
test performed when the load in area 3 is reduced to zero, and
the generation capacity removed. The cost convergence for this
case is shown in Fig. 10, where it can clearly be seen that the
two pure transport grids are the slowest to converge.
3) Data Exchange: Table VII shows the number of variables

which are exchanged for each ISO and operating scheme. As
the number of interconnections between the HVDC and HVAC
grids is weaker than the interconnection within the HVDC grid,
the number of variables used in operating scheme 3 is higher.
On the other hand, the ISOs in this scheme have less partners to
co-ordinate with.
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TABLE VII
COMPARISON OF THE NUMBER OF VARIABLES EXCHANGED FOR

THE DIFFERENT OPERATING SCHEMES. A VARIABLE PAIR CONSISTS
OF A NODAL PRICE AND A NODAL POWER INJECTION

VI. CLOSURE

A. Conclusions
This paper presents a distributed OPF formulation which can

be used in cases where both HVAC and HVDC interconnections
are used. Two different interconnection schemes are proposed
and solved. The formulation presented is a reduced approach to
the distributed OPF formulation, which requires less variables to
be exchanged.While the amount of data exchanged is small, this
reduction represents a saving of approximately 1/3 per variable
pair. This could reduce both transmission cost and time, helping
the ISOs.
This paper compares the performance of these interconnec-

tions relative to the solution provided by a central solution in
terms of correctness and iteration count. Three different load
situations are considered. In all considered cases, the solutions
have high accuracy.
The method presented in this paper does not strive to find a

faster solution, rather the explicit desire is to develop a method
where the solution of the interconnected system does not rely on
full system knowledge. Very limited knowledge about the ex-
ternal system is assumed: only the amount and price of power
to be exchanged is considered. As such the solution presented
in this paper is consistent with a market approach where partic-
ipants place generation bids at known locations.
With the work presented in this paper a method with which

new transmission technologies can be included in the current
distributed operation scheme is presented. It presents an alterna-
tive to the establishment of a Super ISO with full system knowl-
edge. This paper makes no recommendation on which operating
scheme should be employed, as there are no gross differences
between their solution from a technical or operational aspect.
This choice thus becomes a political and regulatory one.
The method presented makes no inherent assumptions on

how the different grids of the sub-ISO are modeled. As such the
inclusion of other controllable devices, such as FACTS or phase
shifters is not excluded. Models for such devices are available
in literature, such as [29], which could be suitably adopted. If
such devices are internal to the areas, it is not believed that they
would greatly impact the number of iterations required until
solution, however the local solution time may increase slightly.

B. Further Work and Outlook
The test system considered in this paper is one which is well

known. The order of magnitude of the number of interconnec-
tions is rather small, but not orders of magnitude different from
that which can be expected in reality. The number of intercon-
nections in the European system is usually less than 10 intercon-
nections per border. This indicates that this model can readily
be applied to the full European model.

TABLE VIII
LIST OF VARIABLES USED

This paper does not consider the SCOPF formulation. As
shown in [7] there is a substantial error introduced into the
system by the lack of modeling of the external area. With the
introduction of the controllability available thanks to the use
of HVDC technology, it is very likely that a static preventive
approach to security consideration, as currently done may no
longer be suitable. This paper makes no consideration on the
post-contingency operation of the system. The authors believe
that the co-operative determination of the post-contingency op-
eration could be performed in the same manner as the pre-con-
tingency consideration. In this case the number of variables ex-
changed would increase greatly. In order for such a problem
to remain feasible suitable techniques, such expert knowledge
or computational ones, must be employed in order to reduce
the number of contingencies considered. The reduction of the
number of variables transmitted per iteration then becomes im-
portant as well.
In the formulation presented here, it was assumed that all par-

ticipants are benevolent and interested in cooperation under the
same target. The assessment of the influence of a party with ad-
ditional interests, possibly contrary or malevolent, party par-
ticipating may bring additional insight, but it is likely that a
third-party arbitration system may prevent the need for such
consideration by forcing all participants to be cooperative.

APPENDIX

A list of variables used is provided in Table VIII.
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